
t

a

c Opy ‘pJo
RM E57K22b

-.

RESEARCHMEMORANDUM‘-
ANALYTICAL INVESTIGATION OF MULTISTAGE -TURBINE

EFFICIENCY CHARAC TERISTICSIN TERMS OF

WORK AND SPEED REQUIREMENTS

By WarnerL.Stewart

LewisFlightPropulsionLaboratory
Cleveland,Ohio

—

b%&L.3!&kA..JClassifkalioncancellmj(orchangedto....

BYAuthorityof.k~fl&.\.~&..fi.titi~qu~m~*~Z7
(OFFICERAIJTHORIZELITO CHLN6E)

By ~x-g,,~............................................................................*..
NAMEANO

NATIONALADVISORY COMMITTEE
., FOR AERONAUTICS4*,” WASHINGTON

February18,1958

k

w-

t.



NACARM E57K22b

TECHLIBRARYKAFB,NM

I!llllllllillullllllurlliol143aa3
NATIONALADVZSQRYc43MMIl?I!EEFURAmKwwTIcs

ANALYTICALINVESTIGATIONCl?MULTIST!AGE-TURBINEEFFICIENCY

CHARACTERISTICSm TEBMsOF WORKANDSPEEDKEQuImMmTs

By WarnerL.Stewart

SUMMARY

An analyticalinvestigationoftheinteractingeffectsofturbine
specificworkoutput,rotorbladespeed,stagenuoberjandefficiencyis
presented.Thecorrelatingpsrameterusedisa work-speedparsmter,de-
finedastheratioofthemean-sectimrotorbladespeedsquaredtothe
specificworkoutput.Majorassumptims madeintheanalysisinclude
equalstageworkandbladespeed,no reheateffect,anda lowerlimitm
rotorreactimof impulseatthemesmsection.Theselectedstator-exit
flowanglewasintherangeofthoseencounteredh suchapplicationsas
turbopropmd auxili~ drives.

W resultsoftheanalysisincludebothstagesadover-alleffi-
ciencycharacteristics.Fora givenwork-speedparameter,increastig
stagemmber increasedtheefficiency,tithauupper13m3.tbeingincurred
ata stagework-speedparsmeterofunity.Similarly,fora specified
efficiency,increa.singthestagenmiberpermitteda reductioninthe
over-allwork-speedparameter.Fora specifiedwork-speedparsmeterand
numberofstages,theefficiencybasedonthestatic-to total-pressure
ratiowaslowerthanthatbasedonthetotal-pressureratio,thediffer-
encebeinggreateraathestagenumberwasreduced.Thisoccurredbe-
causetheleavinglossattheturbineexitbecam a greaterpercentage
ofthespecificworkoutput.

INTRODUCTION

Thedesi~ ofa turbinefora givenapplicationinvolvestheselec-
tionofa ccnsiderablenumberofturbtievariables.Includedamongthese
variablessxespecificworkoutput,rotorbladespeed,stagenmiber,and
efficiency.Becausethesefourvariablesareinterdependentaerodynam-
ically,it is importantthatvaluesselected.forthedesi~be ccmpatible
to ensuresuccessfuloperation.
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Thisreportpresentsananalyticalinvestigatimofthisaerodynamic
interde~ndenceintermsoftheefl?ectofvariationsintheturbinespe-
cificworkoutput,bladespeed,andstagenuuiberonturbineefficiency.
Thefundamentalparsmeterusedisthe“ParsonIs”characteristicnumberX
definedastheratioofthesqyareoftherotorme~-sectionbladespeed
tothespecificworkoutput.ThemethodofthismultIstage-turbineanal-
ysisisshnilartothatusedintheworkofreferences1 and2,which
concernedsingle-andtwo-stage-turbineefficiencycharacteristics.

Efficiencytypesconsideredintheanalysisincludethosebasedcm
tutal-pressureandstatic-tototal-pressureratiosacrosstheturbtie.
Velocitydiagrsmsincludethoseofzerostageexitwhirlandrotorim-
pulsewitheachtypecoveringa specifiedrangeofstage h. Throughout
thesnalysisequalstageworkandrotormean-sectionbladespeedare
assmd .
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SYMBOLS

The foll~g symbolsareusedh thisreport:

—
.

,

—

ratioofturbinebladesurfaceareato
flowperunitannulararea

ratioofturbine-exitto averageaxial
ener~

specifickineticener~level,Btu/lh

turbineequivalentweight

M

componentofkimetic —

.

accelerationdueto gravity,32.17ft/sec2

speclficenthalpy,Btu/lb
—

mechanicalequivalentofheat,778.2ft-lb/Btu

constantsofproportiamality

mmiberofturbtiestages

bladespeed,ft/sec

absolutegasvelocity,ft/sec

relativegasvelocity,ftjsec

absolutegasanglessmeasuredfr- axial

totalefficiency,basedontotal-pressure

—

direction,deg “ .-
a

ratioacrossturbine

.

.

—
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staticefficiency,basedonstatic-tototal-pressure
acrossturbine

A work-speedparsmeter,U.gJ&’

Subscripts:

a

av

f.

id

z

m

s

s
.

u

. x

o

1

2

3

4

5

7

.

.

firststage

average

intermediatestage

ideal

laststage

mea section

stage

static

tangentialccmponent

sxialCompment

turbineinlet

first-stagestatorexit

first-stagerotorexit

intermediate-stagestator

intermediate-stagestator

entrance

exit

intermediate-stagerotorexit

last-stagestatorexit

Superscripts:

1 absolute

over-all

totalstate

3

ratio
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intheDXTIiOIWCTI~,thefundamentalparameterusedto
●

efficiencyisthework-speedparameterh. Theover-
parsmeterisdefinedas 5

u: .%
x=- (1)

gJ& ‘

mean-sectionrota bladespeedand Ah’ istheover-
output.A similardefinitionofthestagework-speed

parameter~ canbewrittenas

(2)

Inthisanalysisitisassumedthatboththemesn-sectionbladespeed~
—

andthespecificworkoutputofeachturbinestagearethesame;thus
~ isthesameforallstages.As a consequence,therelationbetween
~ end ~ isobtainedas

(3) ●

where n isthestage

Figure1 presents

nmiber. s

a schematicdiagramofa multistageturbineti- _ _
dicattigthenomenclatureusedinthisreport.As indicatedh thefig-
ure,threetypesofstagesareconsidered:first,intermediate,and
last,tidicatedby thesubscriptsa, i,md 2,respectively.Inthe
developmentoftheefficiencyequations,attentionIsfccusedfirstcm
theattainmentofthoseforthethreetypesofstages.Subsequently,
theturbineover-allefficiencyequationsaredevelopedh termsofthe
efficiencyofthestages.

._.

GeneralStageEfficiencyEquations

Firststage.- Equtionsforthefirst-stageefficiencybasedonthe
total-pressureandstatia-to total-pressureratios
Theseefficienciescanalsobe usedforthecaseof
turbine.

sxedevelopedfirst.
thesingle-stage

Inreference1 thedevelopmentofequtionsto
efficiencyofa single-stageturbineispresented.
(7)and(8)ofthisreferenceyields

obtainthetotal
Ccmib@lngequatimm

●
-.

—
.
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‘*=*
a AV2u,a

whereA/w representstheratioofbladesurfaceareato equivalent

5

(4)

weight f-lowperunitannulararea;E istheaverage
ktieticenergiesenteringandleavingthestatorand
wherethevelocitiesarerelativeto thebladerows;
stsntofproportionalityy.

Inthisdevelopmentitisassumedthattheloss
astheratioofbladekineticenergylossto average

ofthe‘specific
rotorbladerows,
~d K1 isa ccm-

coefficient(cleftied
kineticenergylevel)

oftherotoristwicethatofthestator.Thisassumptionismorecom-
patiblewithexperimentallyobtainedcoefficientsthantheassumptionof
equalcoeffIcientsmadeinreference1.

As a resultofthisassm@ ion,the~ress ionfor E ismodflied
fromthatofequation(10)of‘reference2 toyield

where

+v:l+2(&+g2)
E =

12g (5)

uLet it be assumedthattheexpressicm V; ‘V,tiichrepresentsthe
averageaxialkineticenergy,canbe approximaedby theaxialccmpment
ofkineticener

7
atthestatorexit. Thisapproximateicnis considered

validbecause(a thestator-exitaxialkineticenergyisthemajorcon-
tributorto theaverage,and(b)theclifferencebetweenthestator-
entranceandrotor-exitvaluesandtheaveragetendstobe compensated
forby thegeneraltrendof ticreasingaxialvelocitywithstage~ial
station.

Withthisassumption,thestator-exitangle a canbe introduced
to obtaintheaxialccmpmentofkimeticenergyintermsofthestator-
exitwhirlvelccityas

(<)av=V& m-t’% (6)

.

.
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Substittiingequatims(5)and(6)intoequa.ticm(4)yields
.

where

Eliminatingthe

Kl
K=—12g

reletivewhirlcomponentsby theequatims

WU,2 Vu,l
AVu,a = AVu,a - ~ - 1

.—

-.

finallyyields p

(8)

wherevariationsinthevelocitydiagramtypesareobtainedthroughvsri- .
vu,1 ,.

atims ‘n AV ●u,a —
Thefirst-stageefficiencybasedonthestatic-tototal-pressure

ratiocanbe obta~ed
slight3ymodified,is

usingequation(23) ofreference1. Thi;equatim,

L .

where B isintroducedto considerthe
ccznponentofkineticenergyisgreater,

(9)

factthattheturbine-exitaxial
.

ingeneral,thanthatofthe
M“–



NACARM E57K22b
.

average.Thenalteringthelastexpressim
. tion(9}yields

7

inthedemonhatorof equa-

*=+ Jp@J@%)
2

()

vu,1B cot2~ ~V
u,s.=

Aa

As a result,equaticn(9)cenbe modifiedto

v“s=l+$-[(--$+Bc0,2+:~] “0’
Intermediatestage.- Theefficiencyofan intermedia.te stageis

basedonthetotal-pressureratioacrossthestage.However,theeffi-
. ciencywillbe scmewhatlowerthsnthatforthefirststage,asthewhirl

intothestatormustbe ticludedin attainingthekineticener~ ofthe
stage.Sotheexpressionfor E isalteredfrcmthatof equation(5)to

*3+*4+2
E= 12g (u)

Sticeit isassumedthatallthestageshavethesamerotordiagsms,
theabsolutewhirlleavinganystagewillbe equaltothestator-entrsnce
whirlofthesubsequentstage.Therefore,thestator-entrsncewhirl
vu,3 canbe obtainedas

vu,3 =V - AVu,4 u,i (12)

Substitutingeqyation(1.1)titoequation(4),centinutigthedevel-
opmentinthessmeunner as doneforthefirststage,andthenincludtig
equation(I2) givesthefollowingequaticmfortheintermediate-stage
totalefficiency

.

.
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‘1-%5} (13)

h6% stage. - Equationsneednotbe derivedforthelast-stageeffi-
ciency.Theeqwtionfortubal.efficiencyisthesameasthatJustob-
tainedforthe intermediatestage;thatis,

*

—

With VI lmown,thelast-stageefficiencybasedm thestatic-to total-
pressureratioacrossthestagecanbe ccqutedfrcmtheequation

(14)

.

This

over

eqwtionisthesameinformasequation(10).
._

.—

VelocityDiagrsmConsiderateion

Zero-exit-whirlcase.- Zerostageexitwhirlisusedinthisreport
therangeof ~ fran0.5to 1. Theupperlimitof1 isselected

becausethisvaluec&respondsto themaximumstageefficiency(ref.1).
Thelowerlimitoccurswhenimpulseconditionsexistacrcsstherotor.
Thetypesofdiagramscorrespondingtothesetwolimitsarepresentedin
figure2.

Sincethereisno stageexitwhirlinthiscase,

w, 1 %,4
AVU,~ = Al? =1

u,i
(M)

As a result,theperttientefficiencyequations(8),(10),(13),and
(14)reduceto

Aa
lla=l’’ii= (16)

k + K(:)(6 cotz~+ 3 - 4% + 4?g)
.

.—

——
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Snd

.

Rotor-impulsecase.- Overthe rsngeof ~ frcm

9

(17)

O to 0.5,impulse
conditionsareassumedacrosseachrotor.Figure2 illustratesthis
diagrsmtypeforvaluesof ~ of0.25and0.5(upperlimit).‘I!hiscase
isccmsideredat lengthinreference1,wherethehpulseconditionde-
finesequalrelativevelocitiesattherotorentranceandexit. Under
theassun@ionthattheaxialccxuponentofvelmityattherotorentrance
md exitarealsoeqpal,theequationrelatingstator-exitwhirlto the
stagework-speedpsrmeterisobtatiedasequaticm(27)(ref.1). Re-
=ittenhere,it is

vu,1 vu ~ 1
AVu,a = AVu,i = % + ~ (18)

Therefore,mibstituttigequaticm(18) intothepertinentefficiency
eqyatimm(8),{10),(13),and(14)yields

‘%

(19)

(20)
“’a,s 1+%--[(;-As)’+Bcot’~(~++)’1

%

‘i=~+K@)[(%+$(8Cotza*+ 1)+ , +(: - ,i)’] ’21)

(22)

Itmightagatibe notedthatinthissnalysisallthestagework-
speedpsmmetersarethessme. Thatis,
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Over-AllTurbtieEfficiencyEquations

Theprevioussectiondevelopsequaticmsforobtainingstageeffi-
ciencies.Thissectionccmcernsitselfwiththedevelopmentofover-all
turbineefficiencyequationsintermsofthesestageefficiencies.In
doingthis,twoassumptionsme made:

(1)Thereisno reheateffect

(2)Allstagesotherthanthefirstare
(anly‘difference

Usingthese
tutalefficiency

isthatthefirststagehas

two
cm

stiilaraerodynamically
zerostageinletwhirl).

assumptions,a generaleqyationfortheover-all
bewrittenas

m:=&l
id a + (n- l@h!
> Id,i

(23)

whereAh’id.a ad ‘id,i sretheidealspecificworkoutputscorre-
.

spendingtothetotal-pressureratiosacrossthestages.Then,using
equation(2)andthedefinitionofstageefficiency,equation(23)is
reducedto

-

—

“-

(24)

—
Theeauationforover-allefficiencybasedonthestatic-to total-

pressurer~tio
ktieticenergy
result,

acrossthet~bine issli-@t-lyd~ferentbecausethe
leavingthelaststageisconsideredasa 1=s. As a

&zIi7s=
%d, a + (n- 2)Ah!Id,i + ‘;d,s,2

.
Reductionoftheequationthenresultsin

(25)

n
7s = n- 2+ 1 (26)

&- —
l’la ?i 7?,S

.-
DEZ!ERMNAmONANDSELECTIONCE’cm-

{)
A

efficiencycalculationscanbemade,valuesof ~ }
fA\

B must ?)be assigned.Theprcduct ~ wasfirst

. .

~

.. .

—

-.

.

.
.
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obtainedusingthefollowinglossvsluesas
. hentalresults:

%h* Aa= 0.5

% = 60°

~ ~a= 0.86

u.

betigcmupatiblewithexper-

$ <)~Forthesevaluesa basevalue ~ wasccqutedfromequaticm(19)
y

as
s

0
A = 0.0203
G %=600

Forthesubjectanalysis,thestator-exitanglesforsllstageswere
selectedtobe eqyalandata valueof75°asapproachtiga practital.
upperlimit.Thisvalueofexitflowangleisalsointherangeofthose
encounteredinsuchapplicationsastuxbopumpandauxiliarydrives.

()
As a resultoftheincreaseinangle,an ticreasein K $ wasalso

madefromitsbasevalueto includetheeffectofthereductioninequiv-.
alentweightflowperunitannulararea. Thisticreasedvaluewasob-
tainedby theequation

.

Q~ o~ cot60°

w %=750 = w %=600 cd 75

wheretheratioofcotangentsreflectsthe
ofvelocityastheweightflowisreduced.
lationsmade,

variationinaxialccmpment
As a result,forthecalcu-

0& = 0.0437w

FormostofthecalculationsB wasselectedas 2 to considerthe
turbine-exitaxialkineticenergybetig,ingeneral,scunewhatgreater
thanthatoftheaverage.However,stagecalculationresultsarealso
presentedfor B = 1 to illustratethesignificemceofvariationsin
thisparsmeter.

msulxsa??AN.ALYHS

. StageEff’iciencyCharacteristics

Figure3 presentstheresultsofthestageefficiencycalculations
usingequations(16),(17),and (19)to (22).Shownisstageefficiency
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asa functionof stagework-speedparameterAS for K($)= 0.0437,
~ = 750,andtwovaluesof B, 1 and2.

Inspectionoffigure3 showsthatthefirst-stagetotalefficiency
Va iseitherequalto orgreaterthanthatoftheotherstagesvi.
Thisisduetothespecifiedzerofirst-stageinletwhirl,whichreduces
theaveragekineticenergylevelfromthatobtainedwheninletwhirlis
incurred. Thetotslefficiencyisalsohigh(0.80to 0.86)intherange
Of ~ fromO.4tol. However,aS ~ isred~ced,t~t~~effi~ien~y
dropsoffmarke~. Thisoccursasa resultofincreasedviscouslosses
duetotheattainmentoftherequiredspecificworkoutputattheincreased
kineticener~ levels.

Thestagestaticefficiencylevelsareonlyslightlylessthanthose
oftotalefficiencyathigh ~ values.Thisdifferenceinefficiency
beccmesmuchmoresignificant,however,as ~ iS reducedandOCCUYS as

a resultoftheincreasedexitkineticenergylossduetomatitaintig
impulseconditiasacrosstherotar.

A cwaris~ oftheca.lculationresultschtatiedusingthetwovd.-
uesof B canalsobemadeusingfigure3. Thiseffectis ofsecmdary
tiportsnce,affectingthestaticefficiencylevelby 3 to 4 percentage
pointsathigh ~ valuesandby 1/2to1 pointatlow ~ values.
Thehighervalueof B, 2,yieldsthelowerefficiency.Inviewofthis
smalleffect,theover-allefficiencyresultsarepresentedforotivcme
valueof B,-selectedas2.

Over-AllEfficiencyCharacteristics

Theturbineover-allefficiencycalculatimresults
eqyaticms(3),(24),and(26)srepresentedinfigures4
over-alltotalefficiencyandover-allstatice_fficiency
asfunctionsof over-allwork-speedpamimeterI overa

numberfrom1 to M for
0
& = 0.0437and ~ = 75°.
w

obtainedusing
and5,where
arepresented
rangeofstage

Inspectionoffigure4,wheretotalefficiencycharacteristicsare
presented,showstheexpectedeffectofstagtig.Fora specifiedtotal
~fficiency,increasingthestagenuniberpermitsa reductionh operating
X or,fora givenbladespeed,an ticreaseinthespecificworkoutput.
Similarlyjfora givenX, an increaseinstagenumberresultsinam ti-
creaseintheturbinetotalefficiency.Thereis,however,a limitation
tothisincrease,as shownby thedottedItieh thefi~e whichsh~
Mnitingormaximumefficiency.Fora gives~, thisMmittigefficiency
occursat a stagenumber.correspondtigto ~ = 1,whichresultsin

---.—

%

.

.Fj
m
0)

—

—.

.—

—
.

...-

—

—

“-
.

..-
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.

n = l/X usingequation(3). Thevalueofthislimitingtotalefficiency
isapproximately0.87.Variationinthislimitingefficiencywouldoccur
ifdifferentvaluesof K and ~ wereused.

Inspectionoffigure5,whichpresentstheover-allstaticefficiency
characteristics,showssimilarresultstothoseoffigure4. However,the
levelofefficien~islower,especiallyasthestagentier isreduced.
Thisoccursbecauseofthelowstaticefficiencyofthelaststagedueto
theexitwhirlloss.Furthermore,thelh.it~ efficiencylineisnot
onlylower_thanthecorrespmdingltieinfigure4,butalsochangesin
valueas X isvaried.Thisoccursbecausetheexitkineticenergyloss
beccmesa greaterpercentage@ thespecificworkowtputasthen@er of
stagesisreduced.

CONCLUDINGREMARKS

Thisreportpresentsan szmlyticalinvestigationofthetiterdepend-
enceofturb3neefficiency,stagenumber,bladespeed,andspecificwork
output. Theresultsarepresentedintermsoftheeffectofvsriations
h over-allwork-speedparameteronefficiencybasedonbothtotal-pressure
andstatic- to total-pressureratioacrosstheturbinefor arsngeoftur-
binestagenuniber.Considerationofeffectssuchasthosepresentedherein
isveryiqortantintheselectionofa turbineconfigurationfora given
application,notonlyto ensuresatisfactoryoperation,hutalsotopermit
theselectiontobe optimumfroma desi~ standpoint.

LewisFlightPropulsionLaboratory
NationalAdvisoryCcmmitteeforAeronautics

Cleveland,Ohio,Ifoveniber25,1957
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Work- (b)Rotm impulse,zero (c) Zero exit vhirl. Work-speedptmmeter, 1.
0.25. exit whirl. Uork-swed

pemmeter, 0.5,

Figure 2. - Types of velocitydiagram consideredh anelysis.
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